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2 2
2 $\mathcal{D}$ $u$ Laplace Dirichlet
$\triangle u=0$ in $\mathcal{D}$ , $u=f$ on $\partial \mathcal{D}$ , $x\in su_{\frac{p}{\mathcal{D}}}|u(x)|<\infty$ . (1)
$f$ $\partial \mathcal{D}$ (1)
1.
$u(x) \approx u_{N}(x)=Q_{0}+\sum_{j=1}^{N}\frac{Q_{j}}{2\pi}\log\Vert x-\xi_{j}\Vert^{-1}$ , (2)
$\xi_{j}(j=1,2, \ldots, N)$ $\partial \mathcal{D}$ (
1 ). $Q_{j}(j=0,1, \ldots, N)$ 2
$\sum_{j=1}^{N}Q_{j}=0$ (3)
$u_{N}$ 9 (1) 1 (Laplace ) 3
2 $\partial \mathcal{D}$
$x_{1},$ $x_{2},$ $\ldots,$
$x_{N}$ ( 1 ), $Q_{j}$
$u_{N}(x_{i})=f(x_{i})$ $(i=1,2, \ldots, N)$ . (4)
(2) $\xi_{j}(j=1,2, \ldots, N)$ $Q_{j}$
Coulomb $u$
(3), (4) $Q_{j}$ 1
$\{\begin{array}{llll}0 1 \cdots 11 G_{11} \cdots G_{1N}\vdots \vdots \vdots 1 G_{N1} \cdots G_{NN}\end{array}\}\{\begin{array}{l}Q_{0}Q_{1}\vdots Q_{N}\end{array}\}=\{\begin{array}{l}0f(x_{1})\vdots f(x_{N})\end{array}\}$ , $G_{ij}= \frac{1}{2\pi}\log\Vert x_{i}.-\xi_{j}||^{-1}(i,j=1,2,. ., N)$
.
(5)







$\mathcal{D}_{\rho}=\{x\in \mathbb{R}^{2}|$ I $x\Vert>\rho\}$ (6)
1 [7]
2 $xarrow\alpha x,$ $\xi_{j}arrow\alpha\xi_{j}$ ( $a$ ) $f(x)arrow$
$f(x)+c$ ($c$ ) $u_{N}$ [71.
3 $\mathbb{Z}$ , $\mathbb{R}$ , $\mathbb{C}$
$\mathbb{R}^{2}=\mathbb{R}\cross \mathbb{R}$ 2 Euclid
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$x_{i}= \rho(\cos\frac{2\pi(i-1)}{\Lambda^{\Gamma}},$ $\sin\frac{2\pi(i-1)}{\Lambda^{7}})$ ,
$(i=1,2, \ldots, N)$ . (7)
$\xi_{i}=q\rho(\cos\frac{2\pi(i-1)}{A^{\Gamma}},$ $\sin\frac{2\pi(i-1)}{A^{\Gamma}})$
$q$ $0<q<1$ 1. 2.
1. $Q_{j}$ 1 (5)
2. $f$ Fourier
$f_{n}= \frac{1}{2\pi}\int_{0}^{2\pi}f(\rho\cos\theta,\rho\sin\theta)e^{-in\theta}d\theta$ $(n\in \mathbb{Z})$ (8)
$|f_{n}|\leq A_{f}a^{|n|}$ ( $A_{f}$ $a$ $0<a<1$ )
$u_{N}$
$\Lambda^{t}$
$\epsilon_{N}=x\in su_{\frac{p}{9}}|u(x)-u_{N}(x)|\leq C(p, a, q)A_{f}\cdot\{\begin{array}{ll}q^{N} (q>\sqrt{})\Lambda^{7}q^{N} (q=\sqrt{a})a^{N/2} (q<\sqrt{a}).\end{array}$ (9)
$C(\rho, a, q)$ $\rho,$ $a,$ $q$
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[4]
1 (7) $q$ arrangement parameter
1
arrangement parameter $q$





DELL Precision 380 Workstation (Intel Pentium4 CPU 3. $80GHz$ , 0. $96GB$ )
$C++$ GCC $b^{t}$ ,
$f$
$f( \rho\cos\theta, \rho\sin\theta)=\frac{1-a\cos\theta}{1-2a\cos\theta+a^{2}}$ $(a=0.16)$ .
(1) $f$
Fourier $f_{n}=O(a^{|n|})$ $(narrow\pm\infty)$ 1
$\epsilon_{N}=\{\begin{array}{ll}O(q^{N}) (q>\sqrt{a}=0.4)0(a^{1N/2})=O(0.4^{N}) (q<\sqrt{a}=0.4)\end{array}$ $(Narrow\infty)$ (10)
$N$
( 2 ).
(10) ( 1 ).





















































$u$ Dirichlet (Helmholtz )
$\triangle\tau\iota-k^{2}u=0$ in $\mathcal{D}$ , $u=f$ on $\partial \mathcal{D}$ , $\lim_{farrow\infty}\sqrt{r}(\frac{()u}{\partial r}-iku)=0$ . (11)
$f$ $\partial \mathcal{D}$ (11) 3 Sommerfeld
(11)
$c\iota(x)\approx u_{N}(x)=\sum_{j=1}^{N}Q_{j}H_{0}^{(1)}(k\Vert x-\xi_{j}\Vert)$ . (12)
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$\xi_{j}(i=1,2, \ldots, N)$ $\partial \mathcal{D}$ (
1 ). $Q_{j}(j=1,2, \ldots, N)$ (12) $\xi_{j}$
$(j=1,2, \ldots, N)$ 2 (11)
$u_{N}$ 9 Helmholtz ((11) 1 )
Sommerfeld ((11) 3 ) Dirichlet
((11) 2 ) $\partial \mathcal{D}$ $x_{1},$ $x_{2},$ $\ldots$ , $x_{N}$
( 1 ),
$u_{N}(x_{i})=f(x_{i})$ $(i=1,2, \ldots, N)$ (13)
$Q_{j}(j=1,2, \ldots, N)$ (13) Q
1
$\{\begin{array}{lll}G_{11} .G_{1A}\cdot\vdots \vdots G_{N1} \cdots G_{NN}\end{array}\}\{\begin{array}{l}Q_{1}\vdots Q_{A’}\end{array}\}=\{\begin{array}{l}f(x_{1})\vdots f(x_{N})\end{array}\}$ , $G_{ij}=H_{0}^{(1)}(k||.x_{i}-\xi_{j}.\Vert)(i,j=1,2,..,N)$ (14)
1 (14) $Q_{j}$ (12) $u_{N}$
2 $\mathcal{D}=9_{\rho}$, $x_{i}$ , $\xi_{j}$ assignment
parameter $q$ (7)
2 9 Dirichlet (11) $x_{i}$ ,
$\xi_{j}$ assignment parameter $q$ (7)
1., 2.
1. $q,$ $k,p$
$J_{n}(qk\rho)\neq 0$ $(\forall n\in \mathbb{Z})$ (15)
$Q_{j}$ 1
(14)
2. (15) $f$ ourier
$f_{n}= \frac{1}{2\pi}\int_{0}^{2\pi}f(\rho\cos\theta,p\sin\theta)e^{-in\theta}d\theta$ $(n\in \mathbb{Z})$ (16)
$|f_{n}|\leq A_{f}a^{|n|}$ ( $A_{f}$ $f$ )
$\Lambda^{7}$
$u_{N}$
$\epsilon_{N}=x\in^{\frac{p}{\mathcal{D}_{\rho}}}su|u(x)-u_{N}(x)|\leq C(k,\rho,a, q)A_{f}\cdot\{\begin{array}{ll}q^{N} (q>\sqrt{a})Nq^{N} (q=\sqrt{a})a^{N/2} (q<\sqrt{a}).\end{array}$ (17)
$C(k,\rho, a, q)$ $k,\rho,$ $a,$ $q$
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$N$ assignment parameter $q$
4
$m=1$ 4 $\epsilon_{N}$ $A^{T}$
$\epsilon_{N}$ $N$ $\epsilon_{N}$
3 $kp=1$ $\epsilon_{N}$ $O(q^{N})$
(19) $k\rho=10$ $q=0.7,0.6$ $q$
$\epsilon_{N}$ $0(q^{N})$ (19)
$q$ $q=$ 05,04,03,02 $\epsilon_{N}$ (19)
$\epsilon_{N}=O(q^{N})$
$m=16$ 4 $\Lambda^{r}$ $\epsilon_{N}$ $N=32$
$N=32=2m$
$m=1$ $(q=0.2$






3 $k\rho=1$ $q=0.7,0.6,0.5$ $\epsilon_{N}$ $0(q^{N})$
(19) $m=16$
$(q=0.2$ $)$ $q$ $\epsilon_{N}$ $0(q^{N})$
(19)
2
$f^{(I1)}( \rho\cos\theta,\rho\sin\theta)=\frac{1-a\cos\theta}{1-2a\cos\theta+a^{2}}$ $(a=0.16)$ (20)
(11) Fourier $f_{n}^{(II)}=O(a^{|n|})(narrow$
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$\Lambda^{r}$
$m=1,$ $kp=1$




$0$ 40 20 30 40 50 60 70
$N$
$m=16,$ $kp=1$ $m=16,$ $kp=10$
4: $f^{(I)}$
$\pm\infty)$ 2












$q$ 0.7 0.6 0.5 0.4 0.3 0.2
$m=1$
$k\rho=1$ $0(0.68^{N})$ $O(0.58^{N})$ $O(0.48^{N})$ $O(0.38^{N})$ $O(0.28^{N})$ $O(0.20^{N})$
$\epsilon_{N}\underline{k\rho=100(0.67^{N})0(0.5\overline{/}^{J\backslash ’})0(0.44^{N})0(0.34^{N})0(0.24^{N})0(0.13^{N})}$
$m=16$
$k\rho=1$ $0(0.71^{N})$ $O(0.58^{N})$ $O(0.50^{N})$ $O(0.45^{N})$ $O(0.38^{N})$
$k\rho=10$ $0(0.\overline{/}0^{J\backslash })$ $O(0.55^{N})$ $O(0.4\overline{/}^{N})$ $O(0.38^{N})$ $O(0.30^{N})$
$\epsilon_{N}$ $0(0.4^{N})$ 4
$\epsilon_{N}$
$0$ 10 20 30
$N40$














$\frac{q0.\cdot 70.\cdot 60.\cdot 5,0.\cdot 40.\cdot 30.\cdot 2}{k\rho=10(068^{N})O(058^{N})0(048^{A})O(040^{1\backslash ’})0(042^{N})0(042^{N})}$
$\epsilon_{f\vee’}$
$k\rho=10$ $o(0.66^{N})$ $o(0.55^{N})$ $o(0.45^{N})$ $o(0.34^{1\backslash })$ $o(0.33^{N})$ $o(0.33^{N})$
[4] 2
[10]
2 2 $x=(x, y)$ $z=x+iy$
$u(z)=u(x)=u(x, y)$
$Q_{j}$ 1 (14) $G$ $G$
$W^{-1}$GW $=\Lambda^{\Gamma}$ diag $[g_{0}^{(N)}(\rho),g_{1}^{(N)}(\rho), \ldots,g_{N-1}^{(N)}(\rho)]$ (22)
$W$ $(i,j)$- $j=\omega^{(i-1)(j-1)}/\sqrt{\wedge^{\gamma}},$ $\omega=\exp(2\pi i/\Lambda^{\gamma})$
$N\cross N$ $g_{n}^{(N)}(z)(n\in \mathbb{Z}, z\in \mathbb{C})$
$g_{n}^{(N)}I(z)= \frac{1}{N}\sum_{j=0}^{N-1}\omega^{nj}H_{0}^{(1)}(k|z-qp\omega^{j}|)$ (23)
(22) $g_{n}^{(N)}1(\rho)\neq 0(n=0,1, \ldots, N-1)$ $G$
$G^{-1}=W(W^{-1}GW)^{-1}W^{-1}$ ( 1 (14)
). $G^{-1}$ 1 (14) $Q_{j}$
$u_{N}$ (12) Fourier $f( \rho e^{i\theta})=\sum_{n\in \mathbb{Z}}f_{n}e^{in\theta}$
$u_{N}(z)= \sum_{n\in \mathbb{Z}}f_{n}\frac{g_{n}^{(N.)}(z)}{g_{n}^{(A)}(p)}$ (24)
(11)
$u(z)= \sum_{n\in \mathbb{Z}}f_{n}\frac{H_{n}^{(1)}(kr)}{H_{n}^{(1)}(k\rho)}e^{in\theta}$ $(r=|z|, \theta=\arg z)$ (25)
$e_{N}(z)\equiv u(z)-\iota\iota_{N}(z)$
$e_{N}(z)= \sum_{n\in Z}f_{n}\sigma_{n}^{(N)}\acute{)}(r, \theta)$
, $\varphi_{n}^{\prime(N)}(r, \theta)=\frac{H_{n}^{(1)}(kr)}{H_{n}^{(1)}(kp)}e^{in\theta}-\frac{g_{n}^{(l\backslash )}(re^{i\theta})}{g_{n}^{(J\backslash ’)}(p)}$ (26)
$|\phi_{n}^{(N)}(r, \theta)|$
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1 (26) $\phi_{n}^{(A)}(r, \theta)$
$|\phi_{n}^{(1^{\backslash }\})}(r, \theta)|\leq C’(k\rho, q)q^{N-2|n|}$ $(0 \leq|71|\leq^{1}\frac{\backslash r}{2},$ $r\geq p,$ $0\leq\theta<2\pi)$ , (27)
$|\varphi_{n}^{\prime(N)}(r, \theta)|\leq C’’(k\rho, q)$ $(|?\in \mathbb{N}, r\geq p, 0\leq\theta<2\pi)$ , (28)
$C’(kp, q),$ $C”(k\rho, q)$ $kp,$ $q$
Bessel Hankel ([1], \S 93 ) $J_{-m}(x)=$
$(-1)^{m}J_{m}(x),$ $H_{-m}^{(1)}(x)=(-1)^{m}H_{rr-}^{(1)}(x)$
$H_{m}^{(1)}(kr)J_{m}(qkp) \sim\frac{1}{i\pi|m|}(\frac{qp}{r})^{|m|}$ as $marrow\pm\infty$ ,
Hankel Graf ([11], \S 11.3 )
$g_{n}^{(l)} 1\backslash ’(re^{i\theta})=\sum_{\tau,m\in\angle}H_{W\iota}^{(1)}(kr)J_{m}(qkp)e^{im\theta}m\equiv n(m\circ dN)$
$|e_{N}(r e^{i\theta})|\leq|f_{0||_{(l_{0}^{\prime(N)}}(r,\theta)|+\sum_{1\leq|n|\leq N/2})})|f_{n}||_{tl_{n}^{\prime(N)}}(r, \theta)|+\sum_{|n|>N/2}|f_{n}||\phi_{n}^{(N)}(r, \theta)|$
$\leq C’A_{f}q^{N}+C’A_{f}\sum_{1\leq|n|\leq N/2}a^{|n|}q^{N-2|n|}+C’’A_{f}\sum_{|n|>N/2}a^{|n|}$
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